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Abstract

In this article we show the importance of modern martingale theory for the
pricing and hedging of exotic options, especially in incomplete markets. When
emitting an exotic option, the seller firstly has to ask himself whether there
exists a hedging strategy for this title or not. Especially, when he wants to use
a more realistic model than the simple Black-Scholes framework, the answer is
not always obvious. We show in this article how to analyze this problem in the
case of an exotic option, the Generalized Bermudian Option, which will turn out
to be a generalization of the American option.

Resumo

Mostramos nesse artigo a importéncia da teoria moderna de martingal para
o aprecamento e hedging de opgdes exdticas, especialmente em mercados incom-
pletos. Ao emitir uma opgdo exdtica o vendedor primeiramente se pergunta se
ha ou ndo uma estratégia de hedge para o titulo. Especialmente, quando ele
deseja utilizar um modelo para o ativo subjacente mais realista ao invés da sim-
ples abordagem de Black e Scholes, a solugdo nédo € tdo ébvia. Analisaremos
nesse artigo o caso de uma opgdo exética, a Bermudiana generalizada, no qual
se tornard uma generalizagdo da opgdo americana.
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The Use of Martingale Theory for the Superreplication of Exotic Options

1. Introduction.

The most famous example for the use of the theory of martin-
gales in finance is the formula of Black-Scholes-Merton for the pricing
of options’. In this case the price of the underlying asset follows the
model of a Wiener process, which, according to Levy’s theorem, is
a martingale. The advantage of this modeling is that the pricing
formula for options depending on this asset can be solved in a quite
elegant way via the Feynman-Kac formula instead of analyzing par-
tial differential equations. In addition, the martingale theory offers
useful tools especially to attack problems arising in incomplete mar-
kets. One of these tools are the decomposition theorems, which we
will apply in this paper to determine the price of an exotic option,
the Generalized Bermudian Option.

We will analyze under which conditions it will be possible to
hedge the payoff of the Bermudian option. When we can show (and
we will) that there exists an optional decomposition of the value
process of this option, we can deduce the existence of a hedging
strategy. The condition for this existence is that the value process
of the option is a supermartingale under all (equivalent) measures )
under which the underlying price process is a local martingale.

The specific problems of the option (in this case a put option)
under consideration are caused by the following features:

1. The holder of the option can execute his right of selling in several,
predefined times, but he does not have to sell.

2. The payoff process is adapted to the possible execution times.

3. The underlying price process S = (St)tzo is not only defined
at the execution times, but also between them. This implies

1See Black & Scholes and recently, Vieira Neto (1973) & Valls Pereira (2002) for a review of
some main results of martingale theory for finance, as well as an insight on the wide range of

application.
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that we can not restrict our analysis to the execution times only.
This simplification, many times used in the analysis of (simple)
Bermudian options would lead to arbitrage opportunities in our
case. What we have to do is to hedge between execution times,
too.

We will start our analysis with some further results on martin-
gale theory that have not yet been covered in Vieira Neto & Valls
Pereira (2002), thus preparing the tools for our further analysis. Our

model is a filtered probability space (Q,}" JF = (]:t)tzo , P), where

the filtration satisfies the usual conditions, i. e. it is right-continuous
and Fy contains all P-null sets®>. In this space lies our (discounted)
price process S = (St);so- We assume this price process to be lo-
cally bounded and right-continuous with limits on the left (RCLL).
It won’t matter for us whether the process has dimension 1 or d.

For clarity, we thus set S; : (R, F;) — (R+,B (R+>) , Vt € [0,00) .

Moreover it is not an important restriction to assume that [F was
created by S. At the starting time ¢y = 0 let F;, = F( be trivial.

Throughout the paper, a process X = (Xt)tzo will be called
positive, if X; > 0 almost everywhere for all ¢ > 0. The analog
notations will be used for functions, etc.

Definition 1.1 (Local martingale measure) A probability mea-
sure (Q will be called a local martingale measure with respect to a
process S, if () is equivalent to P and S is a local martingale with
respect to ().

Call M(S) the set of local martingale measures with respect to
S. Assume M(S) # 0, then the density process of any @ € M(S)
with respect to a measure Q* € M(S) is given by

2For an interpretation, see Vieira Neto & Valls Pereira (2002, p. 358).
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Q" _ ( Q“) _{ 4q
VA = \Z = e
b Jiso (dQ

respect to Q* starting at the fixed time ¢t > 0 will be noted by

) . The set of density processes with
Fe /120

. d
Z? = z|23=1,V3§t;zs=—Q; Vs > t, for a @ € MI(S) p.
dQ* | £,

To emphasize the fact that the process starts at time ¢ the fol-
lowing notation will be used:

297 = @72t ¢ Z, If it is important to consider a process from ¢
until the time u > ¢ we use the notation (again with respect to Q*)

* - *
z‘t? it s = ZQ 12%3“ [ Ztc\? )i

. d
Fs

Zs

Vs € (tu], fora @ EM(S’)}.

Both notations will be used equivalently. If the process is ob-
served at a time s € [u,t] (e.g. being a random variable), it will be
called (2@7%) = (2972b5%) = 2@7:265%| | where the notations

are once again used equivalently.

From now on, we follow the idea of Kramkov (1996) who assumes
that the original measure P is also in M(S) and that M(S) # 0. If
it is clear that the reference measure is P, the index of the measure
will be dropped Zf =: Z;, 2 =: 2.

A process X, which is a (@Q-supermartingale (resp. a Q-
martingale) for all Q € MJ(S), is called a wuniversal or M-
supermartingale (resp. universal or Ml -martingale). If not specified,
every measure dependent characteristic refers to the fixed reference
measure P € M(S).
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With 7 we denote the set of stopping times with values in R
As in this paper the usual case will be the interval [0,T],T € R" we
call 7 without further specification the set of all stopping times
smaller than or equal to 1"

T =757 .=
(r:(F) >R vweQ:7(w)<T,vte R: {wlr(w) <t} € F

The set of all stopping times with values after ¢ € R* will be
called

T2 ={reT|VweQ:7(w)>t}.

The set of times to which the stopping times are reduced in the
Bermudian case is

BZWN
dian times). Further, we call

Toeri= {7 € T|Ww € Q1 7 () € BZ

the set of admissible stopping times.

Hence, all Bermudian stopping times after ¢ € R™ are given by

Bor {TGT?tIVwGQ:T(w) eBZWN  =Tp,NT2

>t _ 20 _
Let gdBer - tI’Ber - jéer'

Wong (1996) generalizes the Bermudian option in the way that
the set of possible execution times is given by any measurable stop-
ping region R C [0,T],{T} € R. R will be called feasible if for
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all (sn)neN C R with s, | s follows s € R. R will be called right-
continuousif for all 7 € R\ {T'} there exists (r,) _ C R : T strictly
decreasing and 7, — 7.

All R-valued stopping times with reference to (F;,t € [0, T]) will
be noted with R:

R:={r1€T|VweQ:7(w) € R},

respectively for t € R" :

R2t={reTZVwe:7(w) € R}.

Analogously, for a v € 7 :

P {TET?-‘|Vw€Q .7 (w) € BZWN

R2= {1 €T |VweQ:T(w) €ERT(w) =7 (w)}.

Hence BZ(N
general Bermudian option. With R = [0,T] we have the American
option. Our main task will be to generalize the approach of Wong

(1996) to the incomplete case, but focusing mainly on the case R =
BZ(

To put it simply, in order to hedge a payoff, we use a price process
and a strategy to create a value which is greater than or equal to the
payoff. For this, the stochastic integral is needed. In our analysis, we
will restrict ourselves to the case of a stochastic integral defined by
simple processes®. In what follows a (simple) stochastic process H

SHere we followed the formation of concepts of Delbaen (1992). Often, one might find the
terms elementary (predictable) processor simple integrand. For the theory of stochastic

integration we refer, for example, to Rogers & Williams (1987).
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will be called integrable (with respect to S), if the stochastic integral
H e S = [ HdS exists. Let the (discounted) payoff be given by an
adapted positive process f = (ft);>o- If R is right-continuous, then
f should have right-continuous paths. We assume for any R that

sup sup Eg[fr] < +oo. (1)
TR QeMis)

Furthermore define a portfolio IT = (v, H,C) with the con-
sumption process C = (Ci)gc;cr, measurable, adapted and in-
creasing (with RCLL-paths, if R is right-continuous), Cp = 0,
C (T) < oo, the hedging process H = (H;)y<;<7 measurable and

adapted with [ HZ?d[S,S], < co P-almost sure and the initial en-
dowment v € R. The value process belonging to the portfolio IT will
be called V = (V}),;5o. A portfolio will be called hedging portfolio
if at any time t > 0 the payoff f, may be hedged, i. e: V; > f;
P-almost sure for all ¢ > 0. For the minimal hedging portfolio IT™i®
for f with the value process V™» = (V™) _ let the following be
valid

t>0

V; > V™in > £, almost sure, V¢t > 0

for all hedging portfolios IT with the value process V. If there
exists a hedging portfolio, the value process will be represented as
V=v+HeS—-C.

If one defines

V,:= esssup FEq[f-|F,
QeM(S),reR2

then the special case R = [0,T] is treated in Kramkov (1996).
In this case it was shown that (V}),5, is an M-supermartingale and
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that it has an optional decomposition. So, for the case R = [0, T
there exists a hedging portfolio. It was also shown that V = V/™min
holds almost surely.

In this work it will be shown that the minimal hedging portfolio
exists for the case R = BZ(
is given by

Vrmn _ me (Hmin ° S)t _ C;nin' (2)

To simplify the notations, the following abbreviated forms will be
introduced: § V,H C C fand F will describe the processes (equiv.
the o-algebra) at the points of execution for the case R = BZ(N
S StuVi W‘;)H’L = Ht CI = Ct,fz = ftz andj: —ft1
Vi € {0,1,..., N}, equivalently S; := S; etc. for all t € BZ(

The index of an execution time related to any time t € R* will
be given by:

I:R*—={0,1,..,N},
tl——)I(t) = lnf{’l, € {0,1,...,N— 1}|t2 <t< ti+1} A N.

2. The Value Process of a Bermudian Option.

The value process of the Bermudian option is the critical instru-
ment for our work. The seller of the option has to be able to always
pay his liability, i. e. the claim of the option sold. If we'succeed
in identifying the value process of the Bermudian option as an M-
supermartingale we will later have the possibility to decompose it
optionally and hence to ensure the existence of a hedging strategy.
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However, how to identify the value process is not yet obvious.
One might assume that the seller of the option only has to hedge the
possible payoff along the execution times and does not need to worry
about what happens between these times. But as the price process S
is continuous in time that approach is not possible. The seller of the
option has to adapt the portfolio even between the execution times
in a time-continuous way.

We therefore analyze three different value processes: the value
process along the execution times, the value process between two
execution times and the global process for all times. Their charac-
teristics will be studied and the connections between the processes
will be outlined.

2.1 The Value Process Along the Execution Times.

First, let R = BZ(
(ﬁ) only at the execution times. At the time ¢,y the payoff
\ te BZ(N)
ftn has to be hedged if the holder has not executed his right yet.

In this case we have for the value process U= ((7}) , that
te BZ(N)

U, N = f; y almost surely. At the time ¢;—; the holder of the option
will have to decide whether he wants to execute the option and hence
receive the payoff fi, , or if he prefers to wait until £{; and then get

the value (7} ~- S0, in t)y_1 the seller o{_ the option must hold the
maximum between the possible payoff f:, , and the value of the
payoff in ¢,y at the time t;y_q:

[7th1 1= max ﬁN_l, esssup B [fftN’ftN_i] .
QeM(s)

For any Bermudian time we define the process U recursively as
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U, : = max ﬁi, esssup Lig [ﬁtiﬂ
QeM(S)

5—1.] }z e {0,...,N — 1}
UtN . ;EN'

It is obvious that the process U dominates the payoff process
f for all Q € M (S). Now we should find a way to describe the
value process in a more suitable way in order to better analyze its

characteristics. Defining the process V= (Vt) by
teBZ(N)

V.:= esssup Eg [ﬁ.

55}] .t e BZM),
QeM(S),reT2!

we can show that U and V coincide, that is V} = (7} holds almost
surely for all ¢ € BZW). This equivalence can be proved by using
the ideas of Neveu (1972), Proposition VI-1-2.

It is important to know that the value process V is an M-
supermartingale. We will directly give a formulation for this, gener-
alized on the stopping region R.

Theorem 1(Supermartingale property of the value pro-
cess) The process V. = (Vi),ep is for every Q € M(S) o Q-

supermartingale with respect to F = (ft)te r- Bspecally, V =
(Vt)tEBZ(N) is for every Q € M (S) a Q-supermartingale with re-

spect to 5’-: = (ft)

tEBZ(N)'

Proof. Choose any ¢; and t3 from R with £; < ta. Then it is
2, C Z;, and R2% C R2%, Because of Proposition 3.1 in Zimmer
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(2004)* the supermartingale property can be deduced:

EP [I/rtzljrtl] = esssup EP [f‘f' (zth)Tl ftl]

z22t2€2Z,, , TcR2t2

< ess sup Ep [fr (zztl)'rI]:tl]

2212, ,TeR2M1

:Vvtla tlStZ

2.2 The Value Process between the Execution Times.

Now, let us study the value process between the execution times.
For this process we can use the following result.

Theorem 2 For any i € {0,..., N — 1} and for all t € (;,ti+1),

I/;i = esssup fig {ﬁ+1’ft]
eM(s)

is a supermartingale for every Q € M (S) with respect to

F'oi= (F)ie(tite,) - Furthermore, Vi o= (I/tz)tE(ti,ti-{»l] has an
RCLL-version.

Proof. The lemma can be reduced without any problem to the
Proposition 4.2 in Kramkov (1996). One just has to set in this
proposition the needed positive random number as ffm and reduce
the time to the interval (¢;,¢;4,] for any ¢ € {0, ...,N — 1}.

*This proposition is replicated in the appendix.
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What is left to show is the RCLL-property. In order to show this
feature, one can use the approach of El Karoui & Quenez (1995) in
analogy as (Q,F, P) was assumed to be complete.

g

We can also represent the value process between the execution
times in terms of future execution times.

Proposition 2.1 (Alternative Representation between 2 Ex-
ecution Times) For any i € {0,..,N — 1} it holds for every
te (ti,ti+1] that:

Vi = esssup Eqg [f,
QeM(S),reT2t+!

.’Ft] almost surely.

Proof. Substituting the definition we have

V} = esssup Eg [‘Z‘H
QeM(s)

A

P

7.

Once again, as in the proof of Proposition 3.1 (see appendix) we
define a sequence of tupels of density processes and stopping times,
so that we have an increasing sequence of conditional expectations.
Then we use the theorem on monotone convergence and get the result

= esssup EQ [ess sup 2t EQ [F
QeM(s) QeMi(s),re75 i+ 7

Vi = esssup Eq [EQ [)?; fti+1] ]-—t] .

21,
QeM(S),reT; 1!
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This term can be written in another form using the features of
the conditional expectation:

Vi = ess sup Eg {ﬁ
QeM(S),reT i+

ft} .
O

2.3 Combining the Value Processes with a Global Process.

After having given arepresentation for the value process between
two execution times as well as for the process along the execution
times BZ) we will now develop a global process for every t € [0, 7).

Therefore we first define, as a natural extension to the Proposi-

tion 4.3 of Kramkov (1996, p. 467), the process 7 _ (T/"E”)
te(0,T]

through

Vﬁ” = esssup Fglf-|F),t€[0,T).

QeM(8),reT 2t

At the same time, we combine the already analyzed value pro-
cesses between two execution times and the value process along the

execution times to a new process v® = (—17,(52)) o by setting
te(o,
) N-1 B
Vi =) (v; gy + V- l{tem,tm}})+VN'1{t=m}=t €[6,77.
i=0
(3)

The equality of these processes is given by the following

Theorem 3 (Representation of the global Process) For every
t € [0,T] it holds almost sure that
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W -7
Proof. Forallt e [t
2) =L rs
VE = Z ess sup EqQ [f'r ft] “Lite(tativn))

>t
i—0 | QeMI(S),reT i+

‘%ti] 'l{tzti} +ff;N']-{t=tN}'

+ esssup Eqg [)?T
QeM(S),meT 2!

Here we can apply Lemma 3.3.2 of Zimmer (2000)° and get

]:t] L=ty (@)

%t{} . 1{t:t{} = eSSSUpEQ [f;—
Zt;

ess supFg [ fr
TETBer TETEZ&?

Thus, we can conclude

®This lemma was also replicated in the appendix.
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N-1
7&2) — Z esssup_ Eq [ fr
i=0 | QeM(S),reT !

r

ft] “Lite(ts,tipn))

+ esssup  Eg [};
QeM(S),re T2k

ft] L=} 0t Viv - Lit=tn)

N-1 5
= Z €ss sup Eq [fT
i=0 | QeM(S),reT,o i+

v

}—t] “Lite(ti tizn))

+ esssup Eq [fr ]:t] Lie=tiny) ¢+ Y0 Li=to}

2t 41
QeM(S),7eTy,,

Attention should be paid to the fact that we changed the indexation
in the second equality:

N-1

esssup FEg [ﬁ— -7:1:] ‘L) + Vn - li=tn)

i=0 QeM(S),reTt
N-1 _
= Z esssup Eq [fT

i=0 QEMI(S),reT2i+!

}—t} Lp=tiy T Vo Lit=to})-

Now, we take together the terms inside the sum and then we have

N—-1

v - > esssup  Eg [f;

=0 QEMYS),reTii*?

Fti:l : 1{tE(ti,fi+1]}

+ esssup Fog [}:—
QeM(S),reTLe

Ft} *Lit=to}s
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which we can write, by using Lemma 3.3.1 of Zimmer (2000), see
also in the appendix, and by rewriting some terms, as

ng) = esssup Eq [ﬁ
QeM(S),reTs!

ft] “Lise(to,tn]} T

+ esssup FEq [ﬂ ft] - Lip=to}
QeM(S),reTZt

= esssup FEg [f: ft] * Litefto,tn]}

QeM(S),reTZt

= esssup Fog [ﬁ ft] ,t € [to, tn]

QeM(S),7eT 2t

7 teo,1).

U
From now on, the global process will be called V = (V)
V. =v® 7%

And finally, as one would expect, we get that the global value
process V is an M—supermartingale with reference to F = (ft)tzo.“

tE[to,tn}’

Proposition 2.2 (Supermartingale property of the global
process) The process V is an M- supermartingale with reference

3. The Existence of a Hedging Strategy and its Explicit
Form.

We were able to show that the process V is an M-
supermartingale with respect to F = (]:t)te[o,'r]- The idea is now

SFor the proof, see Proposition 3.5 in Zimmer (2000), replicated in the appendix.
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to use Theorem 2.1 of Kramkov (1996) on this process and hence
get the existence of an optional decomposition of the universal su-
permartingale.

Theorem 4 (Kramkov - Optional Decomposition of a Su-

permartingale) Let V = (Vt)te[ﬂ 7y be positive. V is an M-

supermartingale with respect to F = (]:t)te[o,T] if and only if there
exists a predictable process H = (TI t) i>g . integrable with respect to

S and an adapted increasing process C = (a) > S0 that for every
t € [0,T) it holds almost sure: -

_V_tZVg-f—(FOS)t—"C’—t. )

Though this result provides us with the existence of an optional
decomposition and a hedging strategy, it does not give satisfactory
insight about the explicit form of the processes developed.

Therefore, the aim of this section is to describe the value process
V at any given time by a hedging process and a consumption process,
which involves the jumps at the possible execution times.

In order to do this, we will first show the existence of an optional
decomposition of the value process 1% along the execution times and
the decomposition of the different value processes V'* between the
execution times. After this we will analyze how to compound the
partial processes to the desired “explicit” representation.

As shown in Zimmer (2000), sections 4.1 and 4.2, there exist
optional decompositions for V', the value process along the execution

times, and for V?, the value process between the execution times for
i€ {0,..,N - 1}.7

"Because of limited space, these results will not be replicated here.
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We will now use these two representations to describe the decom-
position of V in another form: The hedging process will be separated
explicitly from the jumps at the execution times.

To do this, we will first take a closer look at representation (3),
which we analyzed in section 2.3:

N-1
Vt = Z (VL . 1{t=ti} + ‘/tl . 1{t€(ti,ti+1)}) + VN . 1{t=tN}'
1=0
Into~this representation we substitute the optional decompositions
for V and V*
Vo= (Vo+(He5), - Cu) - Limuy
i=0
+ (I/:i + (Hz ® S)t - Cg) ' 1{t€(tiati+l)}
+ (Vo+ (H ¢.8),,, = Co ) - Lemeny:

Assuming that t € [t;,ti41] for any i € {0,..., N — 1}, we would have
fort =t;:

Tfﬁz‘ m_mf}ti 2%+(H'8)ti _éti'

In addition, we also have

Vi = esssup g [T 7]
QeMi(s)

so that we can set
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Vti = 17& — max ﬁi — esssupEq [ﬁ+1’fti:| ,0
QeM(s)

The difference between Vt” and V, is caused only by the (possi-
ble) jump at the execution time

Efti = max § fi, — esssup Ly [Tﬂ/’;ﬂfﬁi] 05
QeM(S)

This jump might be interpreted as additional consumption for
the seller of the option, which only arises if the holder does not
execute it optimally. Setting

At, - = {“the holder of the option does not
execute his right in ¢,“},1€ {0,...,N},

as an event that is independent of .S, we have to take a closer look
at b, = 6, - La,,-

We want to assure the final state TZN = fi ~ SO it is reasonable
to award the possible consumption 6;, in ¢; to the interval [t;,ti44].
With (H*eS), =0and Cf =0 for t = t;, ¢ € {0,..., N — 1}, we
then have for t € [ti,ti+1)

Vt:f)ti—éti-f-(HiOS)t—Cz
=TVo+ (HeS),, —Ci — 6,

T

6
+(Hi05)t—-0ti. ©)

We therefore interpret V; as the value that we hold, if we

1. produce the value f/’éi until ¢,
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2. then we realize an additional consumption because of the sub-
optimal execution of the holder and then

3. adapt from time ¢; until time ¢ the value of our portfolio using

(H' oS ), — Ci.

Our next step in the derivation of an explicit representation is
to substitute 17t This value may be generated in the following way:
Beginning at the previous Bermudian time ¢;_q, 7 € {1,...,N — 1},
we first realize once again a possible consumption with value 6;;_,,
then we adapt the portfolio value until ¢; using (H*~! ¢ S) and C*~1.

We start the whole procedure with the value 17“_1 :

f;;:i = ‘7;»1'-—1 — b, + (Hi_l e S)t; o Og:l'

Now we continue this process recursively and get for any ¢t €
[0

I(t)
Vi=Vo—do+ Y {(H eS), ~CiT 6.,
i=1

+(H D es) —®

N I(t) HON (7)
=V - Y 6 +> Ccit+ /Y
=0 i=1

1(t)
+ Z (Hi_l ° S)t,- + (Hl(t) ° S>

=1 t

With Vy =V, and
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I(t) I(t)
Ci=> 6+ | D Cit+0i{® |,

I(t)
(F.S)t$ Z (Hi—l .S)ti + (Hf(t) .S)t

i=1

we can deduce the representation of the (global) optional decom-
position from (5):

T/ut :704— (F.S)t—at_

4. The Connection between Bermudian, American and Eu-
ropean Options.

Not only because of the name, but also because of the config-
uration of the execution times, the Bermudian option seems to be
something between an American and a European option. To finish
this paper, we formulate, in a heuristic way, the connections between
these options*. The American option is the special case when the
execution times are all located on a continuous time line:

R=[to,tn) =[0,T) CR".

Hence, the difference between two execution times tends to zero:
Atiy1 = t;41 —t; — 0. This leads us to the following assumptions

*The mathematical proofs of the intuitions stated are quite complex and hence not treated in
this paper. The interested reader is referred to Zimmer (2000), §5.2 and §5.3.
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Vier — Vi — dVi,,,
fIi_{_l . (Sti+1 - St:‘) bt d Hti-{-l dSti+1
5i+1 - 5’i - dCtH.l‘

From now on, we denominate the value processes for the Bermu-
dian, the American and the European option with VBer V/Am and
VEu. In order to emphasize the dependance of the number of execu-
tion times, we will use, in this section, the notations VBN N e¢ N
for the value process of the Bermudian option with N execution
times. Intuitively, we expect for every ¢t € [0, 7] that:

lim VtBer,N yAm
N—oco

b

Ii

Ber,1
1Vf, er, l/tEu‘

The special feature of the American option compared with the
European option is that the holder may execute it before the final
time. So, it is reasonable that the prices for these two options differ
by an additional premium. We will call this premium early ezercise
premium (EEP)and for every timet € [0,7) we denote it by EERA™.
With this premium we can write the value of an American option at
the time t € [0,7T)] in the following form®:

I/tAm - V'tEu + EEPtAm

In addition, the Bermudian option also allows an execution be-
fore the final date. In the case of the Bermudian option we call the
early exercise premium EEPBeN with N € N. So we can write the
value process in the form:

%See for instance Carr et al. (1992)
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yBerN = yE L pEPPN ¢ [0 T)

We would now expect that for every ¢t € [0,T] the following
holds:

lim EEP,
N—00

If we call the optimal stopping time after time ¢ in the Bermudian
case

b =inf {w € [t,7)N BZ(N}{ yBerN fu} AT
and for the American case

at

we can write the value process of the Bermudian option as

V;BG‘WN — esssup Eg [ fv.| Ftl
QeM(S)

= esssupEq [ fo, + fin
QeM(s)

= esssup Eq [ fin
QeM(s) QeM(S),Te T

= V™ +EEP,

If we have only one execution time, call it ¢, then we have
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EEP,

QeM(S),reTZiN

= esssup Fg [ fix — fin | Tt
QeM(S)

Ber,1
and we have V,-°"! = VFu.

Representing the value process of the American option as

VtAm = esssup Fg [faz'ft]
QeM(s)

=VP'+ esssup Eqlfr— fin | Ftl
QeM(S),reT2t

=:VF" + EEP,

we might expect that for every ¢ VtBer’N —N—eo yAm holds if and
only if EEP,
this problem better, one might analyze

1. the convergence of the value of the Bermudian option at any

fixed time t to the value of an American option at this time
(convergence of a random variable) and

2. the convergence in distribution of the value process of the Bermu-
dian option to the value process of an American option (conver-
gence of a random process).

Unfortunately, it is out of the scope of this paper to answer these
questions and we have to leave the reader with the intuition of the
connection between the different options.

5. Conclusion.

The aim of this paper was to give an introduction to the (gener-
alized) Bermudian option for the case of an incomplete market. We
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explained how the value process of the Bermudian option can be sep-
arated in a process along the execution times and a process between
execution times. An optional decomposition which ensures the ex-
istence of a hedging strategy was given. In order to underline the
importance of the mathematical approach in the area of advanced
finance, exact statements were given as long as the methods applied
were not too heavy.

Finally, the connection to the better known American and Eu-
ropean option was explained from an intuitive point of view in order
to clarify why the (generalized) Bermudian option is a generalization
of the American option.

6. Appendix.

Proposition 3.1 from Zimmer (2000) For any 71,75 € R, 71 < 1y
the equation

Ep Ve, | Fr] = esssup  EqQ|[fr| Fr]
QeM(8),reR2"2

holds almost surely.

Proof. Let 13,75 € R,71 < T be almost sure, then the random
variable

U, = esssup  Eq[frl Fn]
QeM(S),TreRr272

can be written with help of the density as

1[7,,,1 = eSS sup Ep [f,r (zzre)Tl f}l] ;

32"'2 621,2 ,TGRZ"'Q
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so that we have to show:

Ep [V’m]f'rl] = esssup Ep [f'r (321'2) I}-ﬁ] ’
2z, reR2n " ®)

almost sure.

The equality (8) will be shown by proving two inequalities.

1. Step: For every 1y and o from R, 11 < 7o almost surely,

Ep [V7-2 | f—rl] Z €sSsup,>r 621-2 TERZT2 EP [f'r (ZZT2)T| .7:1-1] holds
almost surely.

Proof (1. Step). The inequality follows easily from the inequality
of Jensen and by using the features of the conditional expectation:

3

Ep(Vp| Fr]=Ep| _ esssup  Ep|[fr (227),| Fn)

22T EE., TERET2

> esssup  Ep [Ep [ fr (22™).

2272€Zr, ,TERZT2

= ess sup Ep [fT (zZ”)T‘ .7:1-1] .

2ZT2E L, , TERZT2

2. Step: For every 11 and 7o from R, 11 < 7o almost sure, :

Ep V| Fr] < ess SUP,2m ez, reR2™ Ep [f" (ZZT2)7| Fﬁ] holds
almost sure.

Proof (2. Step) Let now (ym’f’m)lsmsN be a sequence in
(ZT,,RZW) , with:

Vr, = sup Ep [fcrm ’ (ym)d
m>1 m

3‘-}2] .
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From this sequence we construct another sequence
(2Zm) Tm)1<m<n in the following way:
(z1,71) = (y1,01)

and for 1 <m < N:

(emtsTmet)s i Bp | froy (zmet)r | Fry
> Ep [[fom Wm)o, | Fre] »
(Ym, Tm) , if Ep [ffm_l (2m-1)r,, | FTZ]
X < Ep [fam (?Jm)amlsz]'

(zm:Tm) =

This sequence admits (2, 7m),,51 S (Zr;>» RZ™) and the sequence
(Ep [ frm (Z2m)., |.7~'72] I <m<N is increasing. Then we have

Ep [f‘?'m (zm)q“,nfj:"’ﬁ] = %&aﬂ)q{lEP [fo'k (yk)ak| FTQ]

and

lim max Fp [fcr;‘ yk ’-7: ] = sup Ep !:fo'm ' (ym),m

m—ee k<m m>1

=V,

S

By applying the theorem on monotone convergence and again
the features of the conditional expectation we arrive at:
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Ep Vool Fr) = B | lim_ Ep [ fr,, (2m),,, | Fr] | 7]
= hm Ep [Ep [me Zm), |_7-".r2]|]-".r1]
= hm EP [me Z.,n IFTI]

< esssup Ep [ fr (z272)7| Fr]-

2272 €2,,, TERZ2
So, the desired equality (8) is proved. O

Lemma 3.3.1 of Zimmer (2000) It is almost surely true that for
every t € (to,tn]

N-1

ess sup Eqfr1F] Litetip]} =
i=0 QeM(S),reT i+

esssup EQ[frU:t]-
QeM(S),reT, BL,

Proof. For any t € (to,¢n] we have

N-1

esssup_ EqQ [ fr| Ft] - Lite(ti timl)
i=0 QeM(S),reT2t

= esssup Eq [frlj:t] ' 1{t€(to,t1]} +
QeM(S),7eT,E4

+ esssup Eq | fr| Fi] “1iteltwor tn]}-
QEM(S)ITETBZE:N

Farther, we have for any i € {0,..., N — 1},t € (&;, ti+1], that
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7;3%;={T€T|Vw€Q:'r(w)eTZthz(N)}

={reT|VweQ:T(w)€e T2t N {tir1,-tn})
U{reT|VweQ:7(w)e T2 N{to,....t:} } .

But, at the same time

{reT|VweN: 7 (w)e T2 N {to,...,t:}} =0, fiir ¢ € (&, ti1] -

: : >t e2tig
This results in 755, = 75 .

Furthermore it holds for every ¢ € {0,...,N — 1} by applying
Proposition 2.1 that

esssup  Eq[frlFt]- Lite(ts tial)
QeM(S),TeTst

>t
QEM(S),reTy

{ esssup Eqfr|F] ,t€ (titisa]
0 , else

= esssup EQ [f‘i'lj:t] ) 1{t6(ti:ti+1]} = Vtz
QeM(S),TeTBZ:"H

This leads us for t € (fo,tn] to
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N=1

ess sup Eq[frl P Lite tily
=0 QeM(S),reT2 !

= esssup Bq[fr|Fel Lytetota)y T
QeM(S),reTE!

+  esssup  Bq[fr| Pl Litettnoy tnl}
QeEM(S),7eTZ!

= esssup Eqlfr|Ft)- (Liteto,tay + - F 1{te(t~-1,m}})

= esssup FEoq [fr| Ft] - Lite(to,tn]}
QeEM(S),reT3t

=  esssup Eq[f|Ft)-
QeM(S),reTit

Lemma 3.3.2 of Zimmer (2000) For all 7,0 € R it holds almost
sure:

esssup EQ [fkl _7:.,-] '1{T=a} = esssup EQ [fk |]:a] . ]_{7_=0} .
QeM(S),keR2" QeM(S),keR2e

Proof. For every A € F, it is true that
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esssup  Fo [fr| Fol - lir—0} - ]-A]

Ep
QeM(S),keR2
= FEp esssup FEp [fk . (,ZZU)IC L0} " 1A| fg]:l
z2€Zq,keR2°
= sup EP [fk ’ (zzﬂ')k ' 1{1’:0’} ’ 1A] )
26Z 5 keR27

because of Proposition 6 or equation (8) with 71 = 7 = 0. Now, we
define the density process

aQ
¢=loey + 7| Mo

for a Q € M (S). We know that z € Z, by definition and hence it
holds
{z-l{gz?”zez‘,}2{2-1{U=T}IzEZT} (9)
as well as
{@)y - fr 1{0=T}|z € 25,k € ’R,Z"}
= {(z)k fk 1{U=T}|z € Znke RZT}-

With this, we can deduce

sup Ep [fk : (z)]ﬂ ' 1{1‘:0’} ’ lA]
2€Z, kERZT

= sup Ep [fk : (z)k : 1{'r=0'} ’ ]-A] .
2€Z kERZT
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As for A € F, holds AN {r =0} € Fr, it follows with the same
argumentation as in (9) respectively (10), just the other way round,
and by the repeated use of Proposition 6 that

sup  Ep [fi- (2) - L{r=o} - L4]
2€Z, kERZT

=Ep | esssup Eq[fi- (&)l Fr] lir=0} - 1a| -
2€Z, ,kER2T

Put together, this results in

- 1

Ep esssup  Eq [fi| Fol - Lir=0} - 1a
LQEM(S):ICE

~ -

P

=Ep esssup  EqQ [ fr| Frl Lir=0} - 14

p

g

Proposition 3.5 of Zimmer (2000) The process V is an
M-—supermartingale with reference to F = (Ft);5¢ -

Proof. Let i € {0,...,N — 1} be as you want and s,¢ € [0,T] with
s < t. We will analyze two cases. Either both times are within
the same interval or they are within different intervals, which not
necessarily have to be adjacent.

1. Case s,t € (&, tit1]
It holds for every i € {0, ..., N — 1}
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Vi=  esssup Eq[fr|Fi]
QeMi(s),re72t

= esssup  Eg[f|F] =V
QeMI(s) reT i+

Following Theorem 2, V% is an M_supermartingale with reference
to F* = (F) for all i. We then get for any i € {0, ..., N — 1}

tE(ts tiya]

Ep (V4| F] = Ep [Vi| FJ]

<SVi=  essup Eq[fr| %]

QeM(S),TeTE:

=V,.

2. Case: For any j € {0,..,N—1},14 € {0,..., N— 1}, § >
and s € [t;,ti1],t € [tj,tj41] it is V= V2 and V; = V. As an

implication of Theorem 2 we have V? > Ep [szl " ! F s] almost sure.
As th, T I~/ti 41 and as V is an M —supermartingale with reference

to F = (]F-:t) , following Theorem 1, we can deduce that
teBZ(N}

Ep Vi,

]:s] > Ep [EP [‘72]

7]

N

A

=Ep [Vt,

using the features of the conditional expectation. Now, we ex-
tend VI = (th ) by

te[tstita]
i ~
Vi, = esssup Eg [thﬂ

ﬂj]
eM(s)
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Vt = esssup Eq [Vtﬁl ftJ]

QeM(s)

in a natural way in the interval [t;,t;41]. By doing so, the M-

supermartingale property with respect to Fi = (.7-{ )t s t] is
€ Faili+1

not affected. Because of V; ;2 VtJJ almost sure, it holds:

Ep [VZ

7]z 5 1))

Finally, we use the M-supermartingale property of V7 with re-
spect to F7 for any ¢ € [tj,t;41] and so we get
!

;]

Ep [V’

)| 2 Be | Bp | V]

!

=Ep [V.| 7).

= Ep [th

In the second line we used once again the features of the condi-
tional expectation. Altogether, we get the desired result

V.> Ep [Vi| 7).

Submitted in October 2002. Revised in August 2003.
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NOTE
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Brasileiro”, by Affonso Celso Pastore.

“Mecanismos de Admiss&o de Candidatos a Instituicdes. Modelagem e Analise
a Luz da Teoria dos Jogos™, by Marilda Sotomayor.

1998

"Estimadores Corrigidos para Modelos SUR Nao-Lineares”, by Gauss M.
Cordeiro and Klaus L.P. de Vasconcellos.

"Cournotian Competition under Knigthian Uncertainty”, by Sérgio Ribeiro da
Costa Werlang and Hugo Pedro Boff.

2000
"The Slippery Slope: Explaining the Increase in Extreme Poverty in Urban
Brazil, 1976 — 1996, by Francisco H. G. Ferreira and Ricardo Paes de Barros.
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