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Abstract

This paper employs a recently developed parametric teabrig obtain density forecasts
for the Brazilian exchange rate, using the exchange rateraptnarket. Empirical results

suggest that the option market contains useful informadioout future exchange rate den-
sity. These results suggests that density forecasts upiingne markets may add value for
portfolio and risk management, and may be useful for findnegulators to assess financial
stability.
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Resumo

Este artigo emprega uma técnica paramétrica desenaoteicentemente para extrair pre-
visdes de densidade para a taxa de cambio domésticajausamercado de op¢des cam-
biais. Os resultados empiricos sugerem que o mercado, @e®pontém informacao til
sobre a densidade futura da taxa de cambio. Estes resikbaderem que previsdes de
densidade usando o mercado de opgdes podem adicionaravgéstao de carteiras e de
risco, e podem ser Uteis para reguladores financeirosaesaliestabilidade financeira.
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1. Introduction

Recent research in the financial literature has investigateether option-
implied distributions are useful in providing informatioggarding the future dis-
tribution of underlying asset prices (see Clews (2000) arglidd and Thomas
(1997)). Many methods have been proposed in the literaduecover risk neutral
density of financial assets (see Savickas (2002, 2004)prieb (1999), Corrado
(2001), Markose and Alentorn (2005), Dutta and Babbel (B0&)2 Gemmil and
Saflekos (2000) and Melick and Thomas (1997)).

The evaluation of density forecasts is also a topic of gmaabirtance for both
portfolio and risk managers, financial regulators and initisarance market. Re-
cent literature has used several methods to evaluate ydosgtcasts including
Diebold et al. (1998), Clements and Smith (2000) and Elestaad. (2001).

One of the most used distributions to extract density fatsca the mixture of
lognormals (see Ritchey (1990) and Melick and Thomas (199Mese authors
argue that the risk-neutral density of the asset price wiptiorms expire can be
defined as a mixture of lognormal densities. The problem Wi#se densities is
that the number of parameters is large and overfitting problimay arise.

De Jong and Huisman (2000) study skewed student-t and certipr perfor-
mance with non parametric methods, presenting evidenqgeostipg parametric
methods for extracting densities. Liu et al. (2003) study i SE-100 index and
argue that parametric densities provide the most accuratiigbive densities for
real-world observed index levels. The authors compara GBBitles with spline
densities and find that GB2 densities have more explanatargpthan historical
densities. Dutta and Babbel (2002b) compare the perforenafihe g-and-h dis-
tribution with the GB2 for options on interest rates (LIBO&)d provide evidence
in favor of the g-and-h distributiof.

Tunaru and Albota (2005) compare the performance of riskraédensities
assuming a variety of methods: Weibull distribution, Gettieed Gamma, GB2,
Burr-3 and g-and h distributions. The authors focus on @#erates and find that
GB2 perform quite well if compared to other distributions.

It is important to note that preliminary research suggeswriety of methods
to extract risk-neutral densities. Some methods are mardetsome than others
and there is a trade-off between parsimony and accuracyeriargl, models with
more parameters yield more accurate estimates. Howeese tmethods are in
general more cumbersome and in some cases it is hard toatalithre models.
Therefore, models with a few parameters should be prefevhethever possible.

Many studies have been performed to assess the quality sitdestimation
for equity and exchange rate markets. However, the mainsfeéuhese stud-
ies has been on developed countries and very little reséashtudied emerging
markets. The limited availability of data for emerging metk combined with

1See also Campos (2005).
2See also Aparicio and Hodges (1998), Bliss and Panigirtzo(2004), Panigirtzoglou and Ski-
adopoulos (2004), Shimko (1993), West and Cho (1995) anibié3005).
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underdeveloped derivatives markets is one of the main imperuts for the devel-
opment of research on these markets. This tries to reduseyép by studying
an emerging market, namely country-regionplaceBrazilctvihas a liquid and a
well-developed derivatives market for the domestic exgleaate.

Using data that covers the period from 2000 to 2005, the tesilthe study
suggest that a parametric method, using the generalizeddeetsity of second
kind, is useful for density forecasting.

This paper argues for the use of the generalized beta desfsétycond kind
(GB2) for exchange rate returns in call option pricing medelr the following
reasons:

1. we have to estimate a small number of parameters, avoidtotgems such
as overfitting the data;

2. the parameters of the GB2 permit general combinationseofiean, vari-
ance, skewness and kurtosis, enabling the shape of theydenise flexible;

3. the real-world density has a closed form when one assura€sB2 density,
and 4;

4. recent literature suggests that the GB2 density foregpsiccuracy per-
forms quite well (see Tunaru and Albota (200%)).

The remainder of the paper is organized as follows. Sectionelly presents
the methodology. Section 3 describes the data and show ieaip@sults. Section
4 concludes the paper.

2. Methodology

2.1 Risk neutral density

Breeden and Litzenberger (1978) show that a unique riskraledensity f for
a subsequent asset pricg 8an be inferred from European call prices C(X) when
contracts are priced for all strikes X and there are no atpiropportunities. The
risk-neutral density (RND) is then given by

. 0*C
f(X)=e Tﬁ 1)
and the price of the call option is
cx)=er? [(s-x)- fs)as )

X

3Some papers present the evolution of the parameters ferefiff maturities. We are not able
to follow the evolution of the parameters of the GB2 over tihezause this paper focuses only on
one-month maturity options, due to liquidity restrictions
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wherer stands for the risk-free interest rate afidhe time to maturity. These
relationships between the RND and derivative prices arébétses for empirical
derivations of implied RND.

We employ a parametric approach to derive the RND. Assunteatbahave
a parametric density functiofi(X |0) where is a parameter vector. Let
Cmarket (X;) be the observed market price of call option at strke We obtain
the RND by minimizing inf the sum of squared difference between observed
market prices and theoretical option prices

N

G(0) = Z(cmarket(xi) —C(X;10))? 3)
with )
C(X;10) = T / (x— Xi) - f(x]0)dx (4)
X

where N is the number of prices obtained from option quotes or trallemg a
particular day for different strike prices;.

We use the generalized beta density of second kind (GB2) uratean (4).
Bookstaber and McDonald (1987) presented the GB2 densitys distribution
has four parametes = (a, b, p, q), allowing general combinations of the mean,
variance, skewness and kurtosis of a variable. Hence, lifiésta derive densities
with flexible shape. The four parameters are positive, tharpaten is a scale pa-
rameter, and the product of the parameteasdg provides the maximum number
of finite moments.

The GB2 density function is defined as

fope (2la,b,p.q) = o - NG
x a/) 7p) q = b (L‘ >
v b B(p,q) [1+ (/b))
with B(p,q) = I'(p)I'(¢)/T'(p + ¢q) and the Gamma function 8(w) = [ e
0
u? " du.
The density is risk-neutral when
b-B(p+1/a,q—1/a)
F= 6
B(p.q) ©
and its moments are
plon = LBl Enjaa=nja) @)

B(p,q)
where the parametéris determined by (6).
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The theoretical option pricing formula depends on the cuative distribution
function (c.d.f.) of the GB2 density, denotéd; 2, which is a function of the
c.d.f. of the beta distribution, denotéd. We have

Fepa(z| a,b,p,q) = Fapa((z/b)*| 1,1,p,q) = Fa(h(x,a,b) | p,q)  (8)
with h(x,a,b) = (z/b)* / (1 + (x/b)").

If the density is risk-neutral, so that the constraint inatpn (6) applies, then
European call option prices are given by

C(X|9):67TT/(1'*X)'](‘GB2(:C|avbapvtﬁd:c (9)
X
F-e"T[1—Fgp2(X|a,bp+1/a,q—1/a)]
- X €_TA.T [1 - FGB2 (X | a, bap7 q)]
= F-e"T[1-Fs(h(X,a,b)|p+1/a,q—1/a)]
X - €7T.T [1 - F[j (h/(Xv a, b) | 'z Q>]

The parameter vectdr is estimated through the minimization of the option
pricing error given by equation (3).

2.2 Evaluation of the performance of the forecasting ability of risk neutral
densities

Let F' (y;) and f~ (y¢) denote the cumulative and probability density function
forecasts made on day- 1 for the exchange ratg)) on dayt. Define the proba-
bility transform variable as

Yt

Uly,) = / f(w)du=F (y) (10)

— 00

This variable captures the probability of obtaining a spath@nge rate lower
than the realization, where the probability is calculatsitig the density forecaét.
If the density forecast is correctly calibrated, then weudtimot be able to predict
the probability of getting a value smaller than the realoat Therefore, a good
density forecast implies that the transform variable isrelependent and uniform
variable on the0, 1] interval.

4Rosenblatt (1952).
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Let ®~1(-) be the inverse of the standard normal distribution functi®hen
we have the following result for any sequence of forecastmndless of the under-

lying distribution of portfolio returns. Berkowitz (2006pas shown that if the time
A Yt A
seriesty = F(y:) = [ f(u)du is distributed as an independent and identically

oo

distributed (iid) U(0,1), them, = &~! < ? f(u)du> is an iid N(0,1).

Suppose we have generated the sequeneed ! (?«“(yt)) for a given model.
Sincez; should be independent across observations and standandlnarwide
variety of tests can be constructed. In particular, the canl for example be tested
against a first-order autoregressive alternative with megah variance possibly
different than (0,1). We can write,

ze—p=p(z-1—p) + € (11)

where the null hypothesjs = 0, p = 0, andvar(e;) = 1.
A likelihood-ratio test of independence across obseruatzan be formulated
as,

LRing=—-2-(L(p,6%0) — L (i,6% 7)) (12)

where the hats denote estimated values. This test stasistimeasure of the de-
gree to which the data support a nonzero persistence paantgnder the null
hypothesis, the test statistic is distributgd( 1 ), chi-square with 1 degree of free-
dom, so that inference can be conducted in the usual way.

Of course, the null hypothesis is not just that the obseraatare independent
but that they have mean and variance equal to (0,1). In oodjeiritly test these
hypotheses, define the combined statistic as,

LR=-2-(L(0,1,0)—L(,6°p)) (13)

Under the null hypothesis, the test statistic is distriduté (3). Since the LR
test explicitly accounts for the mean, variance and autetation of the trans-
formed data, it should have power against very generakalties.

3. Data Sampling and empirical results

In this study we use a set of prices of European call optiofitsamron Brazilian
Real exchange rate (real/US dollar) from January 2000 teBéer 2005. Both
options and futures prices were obtained from the Bolsa de&ti®ria de Futuros
(BM&F). Due to liquidity restrictions we focus on 1-month &ty options.

The underlying asset in the Brazilian exchange rate optiertee spot ex-
change rate. However, using closing prices for spot prigebange rates may
lead to problems with non-syncrhonicity. Spot closing esiat the end of the day
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are likely to be non-syncrhonous with the options marketkeré&fore, in order
to avoid such problems we employ exchange rate futuresgrigbich are also
traded in BM&F, which have the same closing tifhe.

Our dataset contains 72 observations (months) and 216nsptimntracts. For
each month at least three options (closest to the money)sedzeted. Therefore,
we only consider the most liquid options to build our dengityecasts.

Figure 1 presents the density forecast for January 2003s ithportant to
notice that the elections in 2002 were quite turbulent ingkehange rate market,
due to market concerns regarding economic policy that wbaltmplemented by
the newly elected leftist party. Not only until mid 2003 thesoncerns proved
wrong and market volatility was substantially reduced.

3,0

25 1

2,0 4

05 A

0,0

20 25 30 35 4,0 4.5 a0

Figurel
GB2 density forecast for January 2003

In order to test whether the density forecast is correctliprated, using the
GB2 option pricing model, we model the as a first order autoregressive process
(AR(1)). The Berkowitz (2000) test yields a LR equal to 11.46d the null hy-
pothesis that the density provides a good forecast is rejabe 5% significance
level. However, if we exclude an outlier from the analysig(iA2003) the LR re-
duces to 8.23 and we cannot reject the null hypothesis. lil 2p03 the domestic
exchange rate has had the highest one-month appreciafid?flagainst the US
dollar). Therefore, it can be considered an outlier.

Figure 2 presents the density for December 2005, which is & mranquil
period for the exchange rate market (period of low volgiilitAs we can see the
density is basically constrained in the [2,2.6] intervahjelh seems reasonable.

5We calculate spot prices using the methodology describetinirade and Tabak (2001) and
Chang and Tabak (2007).
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Figure 2
GB2 density forecast for December 2005

As a further check of robustness of this methodology we alatuate the in-
terval forecast for the exchange rate. We check whetherzesbtxchange rate has
fallen within the forecast interval, at the 95% confidenaelgand computed the
number of failures. Only 5 observations fall outside the 9&®nfidence interval
in 72 observations, a failure rate of 6.94%. The Kupiec (3985t is 1.29 with a
p-value of 0.25, suggesting that the failure is close to #peeted 5%. This result
suggests that this methodology provides reasonable altfamecasts.

4. Conclusions

Density forecasting is essential for risk and portfolio mg@ment. Therefore,
the development of models that are able to assess and pgnadiequality density
forecasts has been in the research agenda for recent years.

This paper finds that density forecasts employing the géinedabeta density
of second kind (GB2) may be useful. This result is importanttee exchange
rate is one of the most important prices for many emergingatarand suggests
that this methodology may add value in density forecastiffyjs study could be
extended for different emerging markets and a variety odtass

The empirical results suggests that allowing for flexibritbutions, that in-
corporate skewness and kurtosis, yields satisfactoryitsesuhich imply that
higher moments have to be considered in asset pricing modéis does not
come as a surprise as it is well known that the traditionatBl&choles model
suffers from very restrictive assumptions on the dynamich®underlying asset
being priced.
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Further research could compare different models that maysbd to forecast
asset price densities, and study more in depth the effeaisafporating skewness
and kurtosis considerations into the analysis. Besidegt gsice models have to
be developed taking into account such considerations.

References

Andrade, S. C. & Tabak, B. M. (2001). Is it worth tracking @woireal implied
volatility? Revista de Economia Aplicada:67—-89.

Aparicio, S. D. & Hodges, S. D. (1998). Implied risk-neutdastribution: A
comparison of estimation methods. FORC Preprint, UnitecdiWarwick.

Berkowitz, J. (2000). Testing density forecasts with aggilons to risk manage-
ment. Journal of Business and Economic Statistit®:465-474.

Bliss, R. & Panigirtzoglou, N. (2004). Option-implied rigkversion estimates.
Journal of Finance59:407-446.

Bookstaber, R. M. & McDonald, J. B. (1987). A general digitibn for describing
security price returnsThe Journal of Busines80(3):401-424.

Breeden, D. T. & Litzenberger, R. H. (1978). Prices of staiatingent claims
implicit in option prices.The Journal of Busines§1(4):621-651.

Campos, C. C. (2005). Option bounds and option pricing virtitéd information.
Dissertation of the Department of Accounting and Finan@daster Univer-
sity.

Chang, E. J. & Tabak, B. M. (2007). Extracao de inforntaga opcdes cambiais
no Brasil. Forthcoming ifRevista de Administrép da USP

Clements, M. P. & Smith, J. (2000). Evaluating the forecasitsities of linear and
nonlinear models: Application to output growth and unempient.Journal of
Forecasting 19:255-276.

Clews, R. (2000). Recent developments in extracting in&iom from options
markets.Bank of England Quarterly Bulletj10:50-61.

Corrado, C. J. (2001). Option pricing based on the geneleambda distribution.
Journal of Futures Markef1:213-236.

De Jong, C. & Huisman, R. (2000). From skews to a Skewed-t. MERéport
Series Reference No. ERS-2000-12-F&A.

Diebold, F. X., Gunther, T., & Tay, A. S. (1998). Evaluatingrdity forecasts,
with applications to financial risk managemdnternational Economic Review
39:863-883.

Revista Brasileira de Finangas 2007 Vol. 5, No. 1 37



Abe, M., Chang, E., Tabak, B.

Dutta, K. K. & Babbel, D. F. (2002a). Extracting probabilisinformation from
the prices of interest rate options: Tests of distributi@saumptions. Working
paper, NERA.

Dutta, K. K. & Babbel, D. F. (2002b). On measuring skewnegs laurtosis in
short rate distributions: The case of the US dollar Londéeribank offer rates.
Working paper, NERA.

Elerian, O., Chib, S., & Shephard, N. (2001). Likelihoodeirédnce for discretely
observed non-linear diffusion&conometrica69:959-993.

Gemmil, G. & Saflekos, A. (2000). How useful are implied dizitions? Evi-
dence from stock-index optiondournal of Derivatives7:83—-98.

Liu, X., Shackleton, M. B., Taylor, S. J., & Xu, X. (2003). Ged-form transfor-
mations from risk-neutral to real-world distributions. idersity of Essex, Essex
Finance Centre in its Discussion Papers Series, No. 04-05.

Markose, S. & Alentorn, A. (2005). The generalized extreralei® (GEV) distri-
bution, implied tail index and option pricing. University Bssex, Department
of Economics in its series Economics Discussion PapersS8i.

Melick, W. R. & Thomas, C. P. (1997). Recovering an assetfdied PDF from
option prices: An application to crude oil during the Gulfsgs. Journal of
Financial and Quantitative Analysi82:91-115.

Panigirtzoglou, N. & Skiadopoulos, G. (2004). A new apptoazmodeling the
dynamics of implied distributions: Theory and evidencerirthe S&P 500 op-
tions. Journal of Banking and Finan¢@8:1499-1520.

Rebonato, R. (1999)olatility and Correlation John Wiley & Sons, New York.

Ritchey, R. J. (1990). Call option valuation for discretemal mixtures.Journal
of Financial Researchl3:285-296.

Rosenblatt, M. (1952). Remarks on a multivariate transé&iom. The Annals of
Mathematical Statistic3:470-472.

Savickas, R. (2002). A simple option-pricing formul&@he Financial Review
30:207-226.

Savickas, R. (2004). Evidence on Delta hedging and impl@dtiities for the
Black-Scholes, Gamma and Weilbull option-pricing moddtsurnal of Finan-
cial Research

Shimko, D. (1993). Bounds of probabilitiRisk 6:33-37.

Taylor, S. J. (2005)Asset Price Dynamics, Volatility, and PredictioRrinceton
University Press.

38 Revista Brasileira de Finangas 2007 Vol. 5, No. 1



Forecasting Exchange Rate Density Using Parametric Motk Case of Brazil

Tunaru, R. & Albota, G. (2005). Estimating risk neutral dgnwith a generalized
Gamma distribution. Cass Business School Working Paper.

West, K. D. & Cho, D. (1995). The predictive ability of seviareodels of exchange
rate volatility. Journal of International Economi¢85:23-45.

Revista Brasileira de Finangas 2007 Vol. 5, No. 1 39



